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This paper studies the spatial behavior of steady-state solutions in bending problems of linear viscoelastic
plates described by the Reissner–Mindlin theory. A rectangular viscoelastic plate for which one of the
sides is subjected to a displacement which varies harmonically in time and the remainder boundary is
clamped is considered. It is proven that the dissipation mechanism gives rise ultimately to a steady-state
vibration and provides for the amplitude a cross-sectional line-integral measure which decays spatially
faster that an exponential of the distance from the loaded side of the plate. The estimate holds for every
value of the frequency of vibrations and for the entire class of viscoelastic materials whose relaxation
functions are compatible with thermodynamics. The case of a semi-inﬁnite plate is also studied and an
alternative of Phragmén–Lindelöf type is established.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The bending of thin elastic or thermoelastic plates with trans-
verse shear deformation has been extensively studied in literature,
see, for example Constanda (1990, 1994), Schiavone and Ru (2002),
and Schiavone and Tait (1993, 1995). In this framework, the spatial
behavior of transient and steady-state solutions in elastic plates
has been discussed by Ciarletta (2002), while spatial estimates of
Saint–Venant and Phragmén–Lindelöf types in thermoelastic
plates have been derived by D’Apice and Chirita˘ (2003).
Throughout this paper we consider the bending of a linear vis-
coelastic plate described by the Reissner–Mindlin theory. We recall
that Fabrizio and Chirita˘ (2004) studied recently some qualitative
properties of this model. They formulated the initial boundary va-
lue problems and established uniqueness results and estimates
describing the spatial behavior of transient solutions.
In this paper we treat the spatial behavior of steady-state solu-
tions. We consider the initial boundary value problem of a rectan-
gular homogeneous and isotropic viscoelastic plate, one of whose
sides is subjected to a displacement which varies harmonically in
time and the remainder of whose boundary is clamped, and sub-
ject, also to standard initial conditions. We note that such studies,
but for cylindrical regions, have been initiated by Flavin and Knops
(1987). Conﬁning attention to the steady-state and taking advan-
tage of the dissipation mechanism, we introduce a cross-sectional
line-integral measure for the amplitude of vibration which decays
spatially faster that an exponential of the distance from the loaded
side of the plate. In contrast with the previous estimates obtainedll rights reserved.for steady-state solutions (see, Ciarletta (2002) for elastic plates
and Ghiba (2008) for elastic plates with voids), which hold pro-
vided the frequency of vibration is lower than a critical frequency,
the results established here hold for every value of the frequency of
vibrations and moreover, for the entire class of viscoelastic materi-
als whose relaxation functions are compatible with thermodynam-
ics. Finally, the case of a semi–inﬁnite plate is also studied and an
alternative of Phragmén–Lindelöf type is established.2. Formulation of the problem
Let us consider the region B ¼ S ½h0=2;h0=2 of the physical
space R3, where S is a domain in R2 whose boundary @S is a closed
Lyapunov curve and 0 < h0 ¼ constant  diam S. We call this re-
gion a plate with thickness h0.
We assume that B is ﬁlled by an isotropic and homogeneous vis-
coelastic material. We refer the motion to a ﬁxed system of rectan-
gular Cartesian axes 0xk (k = 1,2,3), where x1Ox2 is the middle
plane. We shall employ the usual summation and differentiation
conventions: Latin subscripts are understood to range over the
integers (1,2,3) whereas Greek subscripts are conﬁned to the range
(1,2), summation over repeated subscripts is implied, subscripts
preceded by a comma denote partial differentiation with respect
to the corresponding Cartesian coordinate, and a superposed dot
denotes time differentiation.
In the bending theory of Mindlin type plates, the displacements
u can be written in the form (Constanda, 1990)
uaðx1; x2; x3; tÞ ¼ x3vaðx1; x2; tÞ;
u3ðx1; x2; x3; tÞ ¼ v3ðx1; x2; tÞ in B ½0;1Þ:
ð1Þ
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sence of body loads, the basic equations consist of (Fabrizio and
Chirita˘, 2004):
– the equations of motionMba;b  s3a ¼ qh2€va;
sa3;a ¼ q€v3 in S ð0;1Þ;
ð2Þwhere h ¼ h20=12 and q is the density. For the physical signiﬁ-
cance of Mab and sa3 we refer to Constanda (1990), Fabrizio
and Chirita˘ (2004), Schiavone and Tait (1993);
– the constitutive equationsMabðtÞ ¼ h2 kð0ÞeqqðtÞdab þ 2lð0ÞeabðtÞ

þ
Z 1
0
_kðsÞeqqðt  sÞdab þ 2 _lðsÞeabðt  sÞ
h i
ds

;
sa3ðtÞ ¼ s3aðtÞ ¼ lð0Þea3ðtÞ þ
Z 1
0
_lðsÞea3ðt  sÞds;
in S ½0;1Þ;
ð3Þwhere k(), l() are the relaxation functions, dab is the Kroneck-
er’s delta and eab, ea3 are given by
– the geometrical equationseab ¼ 12 ðva;b þ vb;aÞ;
ea3 ¼ e3a ¼ va þ v3;a; in S ð1;1Þ:
ð4ÞIn the following, we use the notation G() = {k(),l()} to refer to
both relaxation functions. Clearly, G(0) governs the response to
instantaneous changes in strain and we call it the instantaneous
elastic modulus. We suppose that G() has a continuous derivative
_GðÞ ¼ _kðÞ; _lðÞ
n o
and that the equilibrium elastic modulus
Gð1Þ ¼ lim
t!1
GðtÞ ¼ lim
t!1
kðtÞ; lim
t!1
lðtÞ
n o
; ð5Þ
exists. We take l(1) > 0 and 3k(1) + 2l(1) > 0, so the material is a
solid (Fabrizio and Morro, 1992).
We recall that extensive studies on materials with memory,
emphasizing restrictions upon relaxation functions when material
is compatible with thermodynamics or material is dissipative, have
been given in various papers (see, Day, 1971; Fabrizio and Morro,
1992; Wilkes, 1977 and references therein).
In this paper we suppose that the material is compatible with
thermodynamics. According to Fabrizio and Morro (1992)[ pp.
47], for isotropic materials, this hypothesis assures that the half-
range Fourier sine transforms
_ksðxÞ ¼
Z 1
0
_kðsÞ sinðxsÞds;
_lsðxÞ ¼
Z 1
0
_lðsÞ sinðxsÞds; x > 0;
ð6Þ
of the functions _kðÞ; _lðÞ satisfy the following negativeness
conditions
_lsðxÞ < 0;
3 _ksðxÞ þ 2 _lsðxÞ < 0; for all x > 0: ð7Þ
Since the above conditions upon _GsðxÞ ¼ _ksðxÞ; _lsðxÞ
n o
seem
to be not so transparent, we illustrate the relationship between
the relaxation functions G(t) and the half-range Fourier sine trans-
form G˙s(x) of G˙(t) by a simple example. Thus, let us consider the
case of decay exponential memory with kðtÞ ¼ k1 þ eatk; lðtÞ
¼ l1 þ eat l; a > 0, where k; l; k1;l1 are independent of t and
l1 > 0, 3k1 + 2l1 > 0 (the body is a solid). Then, the half-rangeFourier sine transforms of _kðÞ and _lðÞ are _ksðxÞ ¼  axa2þx2 k and
respectively _lsðxÞ ¼  axa2þx2 l. Therefore,G˙s(x) satisfy (7) if and
only if l > 0 and 3kþ 2l > 0.
The situation is better when G(t) is a sum of exponential func-
tions, that is kðtÞ ¼ k1 þPNP¼1eaP tkP ; lðtÞ ¼ l1 þPNP¼1eaP t lP ,
aP > 0, where k1, l1, kP; lP are independent of t for all
P = 1,2, . . . ,N and l1 > 0, 3k1 + 2l1 > 0. Clearly, G˙s(x) satisﬁes (7)
if and only if
PN
P¼1
aP
a2
P
þx2 lP > 0 and
PN
P¼1
aP
a2
P
þx2 ð3kP þ 2lPÞ > 0. So
that, there are not necessary the conditions lP > 0; 3kP þ 2lP
> 0, for all P = 1,2, . . . ,N such that G˙s(x) to satisfy (7) but just the
above linear combinations to be positive.
In the following, by S we mean the rectangular domain
S ¼ ðx1; x2Þ 2 R2; x1 2 ½0; L; x2 2 ½0; l
 
; l > 0; L > 0: ð8Þ
Let us consider the Cauchy’s problem expressed by the relations
(2)–(4), the boundary conditions
vaðx1;0; tÞ ¼ vaðx1; l; tÞ ¼ 0;
v3ðx1;0; tÞ ¼ v3ðx1; l; tÞ ¼ 0; x1 2 ½0; L; t 2 ½0;1Þ
ð9Þ
and
vað0;x2; tÞ ¼ ~vaðx2ÞexpðixtÞ;vaðL;x2; tÞ ¼ 0;
v3ð0;x2; tÞ ¼ ~v3ðx2ÞexpðixtÞ;v3ðL;x2; tÞ ¼ 0; x2 2 ½0; l; t 2 ½0;1Þ
ð10Þ
and the initial history condition of the displacement
va ¼ aa; v3 ¼ a3; in S ð1;0: ð11Þ
In the above relations x is a positive constant (frequency of vibra-
tion), i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
is the unit complex and ~v l, al are prescribed functions
satisfying alð0;x2;0Þ ¼ ~v lðx2Þ; alðL;x2;0Þ ¼ alðx1;0;0Þ ¼ alðx1; l;0Þ ¼ 0.
It is easy to see that
vaðx1; x2; tÞ ¼ Vaðx1; x2; tÞ þwaðx1; x2Þ expðixtÞ;
v3ðx1; x2; tÞ ¼ V3ðx1; x2; tÞ þw3ðx1; x2Þ expðixtÞ;
ð12Þ
where {Va,V3} (transient solution) absorbs the initial history and
satisﬁes the null boundary conditions and the Eqs. (2)–(4), while
{wa,w3} (amplitude of steady-state solution) satisﬁes the boundary
value problem consisting of the ﬁeld equations
Nba;b  r3a ¼ qh2x2wa;
ra3;a ¼ qx2w3; in S;
ð13Þ
where
Nab ¼ h2 kð0Þ þ
Z 1
0
_kðsÞeixsds
 
qqdab

þ2 lð0Þ þ
Z 1
0
_lðsÞeixsds
 
ab

;
ra3 ¼ r3a ¼ lð0Þ þ
Z 1
0
_lðsÞeixsds
 
a3; in S
ð14Þ
and
ab ¼ 12 ðwa;b þwb;aÞ;
a3 ¼ 3a ¼ wa þw3;a; in S;
ð15Þ
subject to
waðx1;0Þ ¼ waðx1; lÞ ¼ 0;
w3ðx1;0Þ ¼ w3ðx1; lÞ ¼ 0; x1 2 ½0; L
ð16Þ
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wað0; x2Þ ¼ ~waðx2Þ; w3ð0; x2Þ ¼ ~w3ðx2Þ;
waðL; x2Þ ¼ 0; w3ðL; x2Þ ¼ 0; x2 2 ½0; l:
ð17Þ
If we introduce the notations
vðxÞ ¼ kð0Þ þ _kcðxÞ; mðxÞ ¼ lð0Þ þ _lcðxÞ; ð18Þ
where _kcðxÞ and _lcðxÞ are the half-range Fourier cosine transforms
of the functions _k 2 L1ð½0;1ÞÞ and _l 2 L1ð½0;1ÞÞ, respectively, i.e.
_kcðxÞ ¼
Z 1
0
_kðsÞ cosðxsÞds;
_lcðxÞ ¼
Z 1
0
_lðsÞ cosðxsÞds; x > 0;
ð19Þ
then from (6), (13)–(15) we deduce the following system of partial
differential equations
h2 mðxÞ  i _lsðxÞ½ wa;bb þ h2 vðxÞ þ mðxÞ  i _ksðxÞ  i _lsðxÞ
h i
wb;ab
þ h2qx2  mðxÞ þ i _lsðxÞ
h i
wa  mðxÞ  i _lsðxÞ½ w3;a ¼ 0;
mðxÞ  i _lsðxÞ½ ðwa;a þw3;aaÞ þ qx2w3 ¼ 0: ð20Þ
For later convenience, we introduce the notation
Pba ¼ h2 vðxÞ þ mðxÞ  i _ksðxÞ  i _lsðxÞ
h i
wq;qdab
n
þ mðxÞ  i _lsðxÞ½ wa;b
 ð21Þ
and note that ra3 may be written in the form
ra3 ¼ ½mðxÞ  i _lsðxÞðwa þw3;aÞ: ð22Þ
Then, the Eq. (20) can be written in the form
Pba;b  ra3 ¼ qh2x2wa;
ra3;a ¼ qx2w3:
ð23Þ
{Va,V3} represents essentially the transient and {waexp (ixt), -
w3exp (ixt)} is the forced oscillation. In Appendix A we prove
that {Va,V3} tends to zero when t tends to inﬁnity. In the next
Section we study the spatial behavior of the amplitude of the
steady-state vibration satisfying (20) under the boundary condi-
tions (16) and (17). Since the effects caused in the plate by
{Va,V3} are transient, the decay estimates for {wa,w3} are of inter-
est for large time t.3. Spatial behavior of solutions
Throughout this section we shall assume that
_lsðxÞ < 0; 2 _ksðxÞ þ 3 _lsðxÞ < 0; for all x > 0: ð24Þ
Clearly, the above conditions are weaker than those given by (7).
Our objective in this section is to study the spatial behavior of
the amplitude {wa,w3} of the harmonic vibration, as a solution of
the boundary value problem deﬁned by the equations (20) (or
(21)–(23)) and the boundary conditions (16) and (17). With this
in our mind, we associate with the amplitude {wa,w3} the follow-
ing cross-sectional line-integral function:
Iðx1Þ ¼
Z l
0
i P1a wa  P1awa þ r13 w3  r13w3
	 

dx2; ð25Þ
where the superposed bar denotes complex conjugate. Using (24)
we prove that I() is an acceptable measure of the amplitude of stea-
dy-state vibrations that decays more rapidly than an exponential of
the distance from the excited end of the plate.Thus, from (25), by direct differentiation, we get
dI
dx1
ðx1Þ ¼
Z l
0
i P1a wa;1  P1awa;1 þ r13 w3;1  r13w3;1
	 

dx2
þ
Z l
0
i P1a;1 wa  P1a;1wa þ r13;1 w3  r13;1w3
	 

dx2: ð26Þ
By using the ﬁeld Eq. (23) into the bracket of the second integral, we
deduce
dI
dx1
ðx1Þ ¼
Z l
0
i P1a wa;1  P1awa;1 þ r13 w3;1  r13w3;1
	 

dx2
þ
Z l
0
i P2a;2 þ ra3ð Þ wa  ðP2a;2 þ ra3Þwa

r23;2 w3 þ r23;2w3dx2: ð27Þ
Using the integration by parts and the relations (16), (21) and (22),
we obtain
dI
dx1
ðx1Þ ¼ 2
Z l
0
h2½ _ksðxÞ þ _lsðxÞwb;b wa;a þ h2 _lsðxÞwa;b wa;b
h
þ _lsðxÞðwa þw3;aÞð wa þ w3;aÞdx2: ð28Þ
In view of the conditions (24), the quadratic form
FðfÞ ¼ ½ _ksðxÞ þ _lsðxÞfbbfaa þ _lsðxÞfabfab ð29Þ
is negative deﬁnite for all f = {fab}. The eigenvalues of the matrix
associated with the quadratic form F are _lsðxÞ and
2 _ksðxÞ þ 3 _lsðxÞ. Introducing the positive quantities
kmðxÞ ¼min  _lsðxÞ;2 _ksðxÞ  3 _lsðxÞ
n o
;
kMðxÞ ¼max  _lsðxÞ;2 _ksðxÞ  3 _lsðxÞ
n o
;
ð30Þ
we can write
kMðxÞfabfab 6 FðfÞ 6 kmðxÞfabfab; ð31Þ
for all f = {fab}. Thus, from (28) and (31) we deduce
dI
dx1
ðx1Þ62kmðxÞ
Z l
0
h2wa;b wa;bþðwaþw3;aÞð waþ w3;aÞ
h i
dx2 6 0;
ð32Þ
so that I() is a non–increasing function. We also note that (17)3,4 as-
sures that I(L) = 0, so that I(x1)P 0 for all x1 2 [0,L].
On the other hand, letting c1and c2 be two positive parameters
and using Schwarz and arithmetic–geometric mean inequalities
one deduces
Iðx1Þ 6
Z l
0
P1aiwa þ P1aiwa þ r13iw3 þ r13iw3
 dx2
6
Z l
0
c1P1aP1a þ 1c1 wa
wa þ c2r13 r13 þ 1c2 w3
w3
 
dx2: ð33Þ
From (21) and (22) it follows
P1aP1a 6 P11P11 þ P12P12 þ P22P22
¼ h4 KðxÞðw1;1 w1;1 þw2;2 w2;2Þ þ CðxÞw2;1 w2;1½ ; ð34Þ
r13 r13 ¼ CðxÞðw1 þw3;1Þð w1 þ w3;1Þ; ð35Þ
where
KðxÞ ¼ ð2vðxÞ þ 3mðxÞÞ2 þ ð2 _ksðxÞ þ 3 _lsðxÞÞ2;
CðxÞ ¼ mðxÞ þ ð _lsðxÞÞ2:
ð36Þ
Now, let us note that, in view of the boundary conditions (16), the
Wirtinger’s inequality holds for each of the ﬁelds w1, w2 and w3,
namely
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0
w1 w1dx2 6
l2
p2
Z l
0
w1;2 w1;2dx2;Z l
0
w2 w2dx2 6
l2
p2
Z l
0
w2;2 w2;2dx2;Z l
0
w3 w3dx2 6
l2
p2
Z l
0
w3;2 w3;2dx2:
ð37Þ
Moreover, we recall that the relation (37) was used by Ciarletta
(2002) to establish the following inequality:
p2a2
4ðp2a2 þ l2Þ
Z l
0
w3;2 w3;2dx2 6
Z l
0
a2
2
w2;2 w2;2 þ ðw2 þw3;2Þ

ðw2 þ w3;2Þdx2; 8a 2 R: ð38Þ
Collecting (33)–(38), we have
Iðx1Þ6
Z l
0
c1h
4KðxÞðw1;1 w1;1þw2;2 w2;2Þþ c1h4CðxÞw2;1 w2;1
h
þ l
2
c1p2
wa;2 wa;2þ2l
2ðp2a2þ l2Þ
c2p4
w2;2 w2;2þ c2CðxÞðw1þw3;1Þ
ðw1þ w3;1Þþ4l
2ðp2a2þ l2Þ
c2p4a2
ðw2þw3;2Þðw2þ w3;2Þ
#
dx2:
ð39Þ
Setting
a ¼ h; c1 ¼ l
ph2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðxÞp ; c2 ¼
2l
p2h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2h2 þ l2
CðxÞ
s
; ð40Þ
we obtain
Iðx1Þ 6 bðxÞ
Z l
0
h2wa;b wa;b þ ðwa þw3;aÞð wa þ w3;aÞ
h i
dx2; ð41Þ
where
bðxÞ ¼ max c1h2KðxÞ þ l
2
c1p2h2
þ c2CðxÞ
2
; c1h
2CðxÞ; c2CðxÞ
( )
:
ð42Þ
Hence, it follows immediately from (32) and (41) that
dI
dx1
ðx1Þ þ 2k
mðxÞ
bðxÞ Iðx1Þ 6 0; x1 2 ½0; L: ð43Þ
By integration one obtains the following:
Theorem 1. In the context of the ﬁnite plate S, the cross-sectional
line-integral I(x1) represents an acceptable measure of the solution
{wa,w3}, in the sense that it is positive for all {wa,w3} and it vanishes
only when wa = 0 and w3 = 0. Moreover, it satisﬁes the following
exponential decay estimate
0 6 Iðx1Þ 6 Ið0Þ exp 2k
mðxÞ
bðxÞ x1
 
; x1 2 ½0; L; ð44Þ
where the positive constants km(x) and b(x) are given by (30)1 and
(42), respectively.
Let us discuss the case of a semi-inﬁnite rectangular plate (the
case when L?1). We have the only two possibilities: (a)
I(x1)P 0 for all x1 2 [0,1), or (b) there exists x1 2 ½0;1Þ so that
Iðx1Þ < 0.
Let us ﬁrst consider case (a). Then the above analysis works and
so we deduce that the estimate (44) holds true for x1 2 [0, 1). We
have to outline that in this case the area energetic measure
J x01
	 
 ¼ Z 1
x01
Z l
0
h2wa;b wa;b þ ðwa þw3;aÞð wa þ w3;aÞ
h i
dx1dx2; ð45Þ
exists and is ﬁnite.Let us consider the case (b). From (32) it follows that
Iðx1Þ < 0; x1 6 x1 <1; ð46Þ
so that, on ½x1;1Þ, we must change the sign of I(x1) in the relation
(33). Repeating the above reasoning one deduces the following
estimate
Iðx1ÞP Iðx1Þ exp
2kmðxÞ
bðxÞ ðx1  x

1Þ
 
> 0; x1 2 ½x1;1Þ: ð47Þ
Thus, we have the following Phragmèn–Lindelöf alternative:
Theorem 2. In the context of a semi-inﬁnite viscoelastic rectangular
plate, the following alternative holds: (a) either I() is a non-negative
function on [0,1) which decays spatially faster than the exponential
exp  2kmðxÞbðxÞ
 
; or (b) there exists x1 2 ½0;1Þ such that I x1
	 

< 0, and
then I(x1) grows spatially faster than the exponential
exp 2k
mðxÞ
bðxÞ x1  x1
	 
 
.4. Concluding remarks
In this work, we considered the initial boundary value problem
of a rectangular homogeneous and isotropic viscoelastic strip, one
of whose sides is subject to a displacement which varies harmon-
ically in time and the remainder of whose boundary is clamped and
subject, also, to standard initial history conditions of the displace-
ment. Using dissipative mechanisms, we investigated the problem
of spatial behavior of solution. We note that although the equa-
tions of the system are integro–differential, similar to the case of
the elastic plate (see, Ciarletta, 2002), the solution {va,v3} of the
problem may be written in the form (12), namely it is the sum of
a transient solution and a forced oscillation. In Appendix A we
proved that the transient solution tends to zero as time t goes to
inﬁnity, so for large times the plate has a vibratory motion. In par-
ticular, we have studied this motion in detail and emphasized that
the dissipative mechanism guarantees the exponential decay of the
amplitude of the steady-state vibrations for every value of the fre-
quency of vibrations and for the entire class of materials with
memory whose relaxation functions are compatible with thermo-
dynamics. In fact, we used just the negativeness conditions (24)
of the half-range sine Fourier transforms _lsðxÞ; _ksðxÞ of _lðÞ; _kðÞ.
The result has been extended to a semi-inﬁnite plate and an appro-
priate alternative of Phragmèn–Lindelöf type has been obtained.
As a ﬁnal note, we point out that other mathematical studies
revealing the properties of viscoelastic materials have been per-
formed in some recent papers (see, for example (Chirita˘ et al.,
2008; Gales, 2007, 2008, 2009)). However, these works deal with
materials of Kelvin–Voigt type and mixtures, and address to three
dimensional bodies.
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Appendix A. Temporal behavior
Within the framework of the Kirchhoff plates subject to weak
viscoelastic damping, Lagnese (1989) demonstrated that the solu-
tion of the viscoelastic plate equation decays to zero as time t?1.
The asymptotic temporal behavior of the solution of the viscoelas-
tic plate equation was studied by Rivera et al. (1996).
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with memory (namely, a semilinear viscoelastic wave equation, a
linear anisotropic elasticity model, a Petrovsky type system), Ala-
bau-Boussouira et al. (2008) have shown that, depending on the
properties of convolution kernels at inﬁnity, the energy decays
exponentially or polynomially as time goes to inﬁnity. Cavalcanti
(2002) proved results of existence and uniform decay for the Eu-
ler–Bernoulli viscoelastic equation with nonlocal boundary
dissipation, provided that the kernel of the memory decays
exponentially.
Here, we complement the above mentioned results established
for the viscoelastic plate equation with a study holding for visco-
elastic plates of Reissner–Mindlin type. We prove under further
assumptions upon the relaxation functions G(t), 0 6 t <1, that
{va,v3} satisfying the Eqs. (2)–(4) and subject to boundary
conditions
va ¼ 0; v3 ¼ 0; on @S ½0;1Þ ðA:1Þ
and initial history conditions
va ¼ aa; v3 ¼ a3; in S ð1; 0; ðA:2Þ
decays to zero as t?1.
Let us note ﬁrst that the constitutive Eq. (3) may be written in
the form
MabðtÞ ¼ h2
Z t
1
kðt  sÞ _eqqðsÞdab þ 2lðt  sÞ _eabðsÞ
 
ds ðA:3Þ
sa3ðtÞ ¼
Z t
1
lðt  sÞ _ea3ðsÞds; in S ½0;1Þ:
Then, following (Chirita˘ and Rionero, 1991; Fabrizio and Chirita˘,
2004) we introduce the following deﬁnition: We say that
G() = {k(),l()} is of positive type if for every n() = {nab(),na3()}
on R, with nab = nba, na3 = n3a, we haveZ t
1
Z t
1
WGð2tszÞ½nðsÞnðzÞdz dsP 0; t 2 R; ðA:4Þ
where
WG½n; f ¼ h2 knaafbb þ 2lnabfab
 þ lna3fa3; ðA:5Þ
and n = {nab,na3}, f = {fab,fa3}, nab = nba, na3 = n3a, fab = fba, fa3 = f3a.
In this section we suppose that G() is of positive type and G˙()
satisﬁes the condition

Z t
1
Z t
1
W _Gð2tszÞ½ _nðsÞ; _nðzÞdz ds
P m0 h
2nabðtÞnabðtÞ þ na3ðtÞna3ðtÞ
h i
; m0 > 0 ðA:6Þ
for every t 2 R and every continuous differentiable functions
n() = {nab(),na3()} on R, with nab = nba, na3 = n3a.
Let us note that when _Gð1Þ ¼ 0; €Gð1Þ ¼ 0 and n(1) = 0 then a
straightforward calculation proves thatZ t
1
Z t
1
W _Gð2tszÞ½ _nðsÞ _nðzÞdz ds
¼W _Gð0Þ½nðtÞ;nðtÞþ
Z t
1
Z t
1
W
G

ð2tszÞ½nðtÞ nðsÞ;nðtÞ nðzÞdz ds;
ðA:7Þ
thus the inequality (A.6) can be satisﬁed if, for example, G

ðÞ is of
positive type, _lð0Þ < 0 and _kð0Þ þ _lð0Þ < 0.
Clearly, for the case of decay exponential memory with
kðtÞ ¼ k1 þ eatk; lðtÞ ¼ l1 þ eat l; a > 0, where k; l; k1;l1 are
independent of t and l1 > 0, k1 + l1 > 0, the above conditions
are satisﬁed if kþ l > 0 and l > 0.Now, we introduce the energies
KðtÞ ¼ 1
2
Z
S
q½h2 _vaðtÞ _vaðtÞ þ _v23ðtÞdaP 0;
UðtÞ ¼ 1
2
Z t
1
Z t
1
Z
S
WGð2tszÞ½ _eðsÞ; _eðzÞdadsdzP 0;
DðtÞ ¼ 
Z t
0
Z z
1
Z z
1
Z
S
W _Gð2zssÞ½ _eðsÞ; _eðsÞda ds ds
 
dzP 0;
ðA:8Þ
where (t) = {eab(t),ea3(t)} are given by the geometrical equations
(4) and note that the following identity holds
Kð0Þ þ Uð0Þ  KðtÞ  UðtÞ ¼ DðtÞ: ðA:9Þ
The relation (A.9) follows from
dK
dt
ðtÞ þ
Z
S
MabðtÞ _eabðtÞ þ sa3ðtÞ _ea3ðtÞ
 
da ¼ 0
and
dU
dt
ðtÞ þ dD
dt
ðtÞ ¼
Z
S
MabðtÞ _eabðtÞ þ sa3ðtÞ _ea3ðtÞ
 
da:
The proof of the former is based on the equations of motion (2), the
boundary conditions (A.1) and the divergence theorem, while the
latter is obtained from the constitutive equations (A.3).
The energies deﬁned by (A.8) being non-negative on [0,1), by
letting t?1 in (A.9), we deduceZ 1
0
f ðtÞdt <1; ðA:10Þ
where
f ðtÞ  
Z t
1
Z t
1
Z
S
W _Gð2tssÞ½ _eðsÞ; _eðsÞdadsds: ðA:11Þ
Moreover, since f(t)P 0 for all t in R, we have
lim
t!1
f ðtÞ ¼ 0: ðA:12Þ
From (A.6), (A.11) and (A.12) it follows that
lim
t!1
eab ¼ 0; lim
t!1
ea3 ¼ 0; x 2 S; ðA:13Þ
and in view of (A.1) one obtains
lim
t!1
va ¼ 0; lim
t!1
v3 ¼ 0; x 2 S: ðA:14ÞReferences
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